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In these lectures, we review the main properties of the topological theory obtained by twisting the
N = 2 two-dimensional superconformal algebra, associated to supersymmetric string compactifications.
In particular, we describe a set of physical quantities in string theory that are computed by topological
amplitudes. These are in general higher-dimensional F -terms in the low energy effective supergravity, or
fermion masses after supersymmetry breaking. We discuss N = 2 compactifications of type II strings,
N = 1 compactifications of heterotic and type I strings, as well as N = 4 string vacua. Particular emphasis
is put on alternative string dual representations allowing calculability, and on the generalization of N = 2
holomorphicity and its anomaly.
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1. N = 2 Superconformal Algebra and
the 2d Topological Twist
The two-dimensional (2d) N = 2 super-
conformal algebra is introduced and the topo-
logical twisting of the theory is explained.
The topological partition function is defined
and the special role of Calabi-Yau-threefold
compactifications is shown. The holomorphic
anomaly is described, which leads to a recur-
sion relation for the antiholomorphic moduli
dependence of the partition function.
1.1. N = 2 Superconformal Algebra
Four-dimensional (4d) string compactifica-
tions with N = 1 space-time supersymmetry
(N = 1+1 for type II strings) are described by
an underlying 2d N = 2 superconformal field
theory (SCFT) [1]. The N = 2 superconfor-
mal algebra contains the energy momentum
tensor T , two (conjugate) supercharges G±
and a U(1) current J :4
T (z)T (w) =
c
2(z − w)4 +
+
2T (w)
(z − w)2 +
∂wT (w)
z − w , (1)
T (z)G±(w) =
3G±(w)
2(z − w)2 +
∂wG
±(w)
z − w ,(2)
T (z)J(w) =
J(w)
(z − w)2 +
∂wJ(w)
z − w , (3)
G+(z)G−(w) =
2c
3(z − w)3 +
2J(w)
(z − w)2 +
+
2T (w) + ∂wJ(w)
z − w , (4)
J(z)G±(w) = ±G
±(w)
z − w , (5)
J(z)J(w) =
c
3(z − w)2 . (6)
The constant c = 3cˆ2 is the central charge,
while the conformal dimension and U(1)
charge of the operators are displayed in the
following table:
operator conf. weight U(1)
T 2 0
G± 3/2 ±1
J 1 0
4We will restrict our considerations to the left-moving
sector only, since the algebra of right-movers follows
trivially in precisely the same way. In our conventions,
right-movers are marked by a bar: (T¯ , G¯±, J¯).
1.2. The Topological Twist and the Par-
tition Function
Following [2,3,4,5] the topological field
theory is obtained by twisting the energy-
momentum tensor subtracting (half of) the
derivative of the U(1) current:
T → T − 1
2
∂J, (7)
such that the new central charge vanishes and
(4) of the superconformal algebra is changed
to
G+(z)G−(w) ∼ 2J(w)
(z − w)2 +
2T (w)
z − w + . . . (8)
The twist also results in shifting the conformal
dimension of all operators by half their U(1)
charge:
h→ h− q
2
, with
{
h = conf. weight
q = U(1) charge
(9)
Thus, the new conformal weights are:
operator conf. weight U(1)
T 2 0
G+ 1 1
G− 2 −1
J 1 0
One can now identify G+ with the BRST
operator
QBRST =
∮
G+, (10)
which immediately shows that the energy mo-
mentum tensor becomes BRST exact:
{QBRST, G−} =
∮
G+G− = T. (11)
Thus, G− can be identified with the
reparametrization anti-ghost which can be
sewed with the (3g − 3) Beltrami differentials
of a genus g Riemann surface to define the in-
tegration measure over its moduli space Mg.
It is then straight-forward to write down the
expression for the topological partition func-
tion
Fg =
∫
Mg
〈|
3g−3∏
a=1
G−(µa)|2〉. (12)
One may think naively that this expression
vanishes by charge conservation. However, in
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the twisted theory, the anomaly (5) of the
U(1) current provides a background charge of
cˆ(g−1) on genus g. In the case of cˆ = 3, the in-
tegration measure of the topological partition
function (12) alone is sufficient to cancel this
deficit and the partition function can there-
fore be non-vanishing without additional op-
erator insertions. The ‘critical value’ cˆ = 3 is
reached for compactifications on Calabi-Yau-
threefolds (CY3). An interesting property of
these compactifications is the notion of spe-
cial geometry which, although very impor-
tant in many applications, will not be studied
in this review.
From (9), one immediately encounters that
the fields, which fulfill (before the twist)
h = ±1
2
q, with q = ±1, (13)
play a special role and are called chiral (anti-
chiral) primary fields φ (φ¯). They satisfy
[G+, φ] = 0. It follows that the chiral pri-
maries, which obtain conformal weight h = 0
after the topological twist, are the cohomol-
ogy states of the BRST operator:
QBRSTφ =
∮
G+φ = 0, (14)
and span the physical Hilbert space. In the
same way, the anti-chiral primaries acquire
conformal weight h = 1 after the twist and
are BRST exact. Hence, they are unphysical
states and should decouple from the topologi-
cal partition function Fg. This is however true
only up to an anomaly that we discuss below.
1.3. Holomorphic Anomaly Equation
According to the previous section, a pertur-
bation of the action of the form
S → S + t¯i¯
∮
G+
∮
G¯+φ¯i, (15)
should be trivial, since the action is altered
by a BRST-exact operator. In particular, an
anti-holomorphic derivative with respect to
the parameter t¯i¯ only leads to the insertion of
the operator
∮
G+
∮
G¯+φ¯i in the topological
partition function and should simply yield a
vanishing result. However, this is not true be-
cause the so-called holomorphic anomaly
spoils this reasoning [3,6]: Inspecting the ex-
pression
∂i¯Fg =
∫
Mg
〈|
3g−3∏
a=1
G−(µa)|2
∮
G+
∮
G¯+φ¯i〉,
(16)
one can contour-deform the surface integrals∮
G+ and
∮
G¯+, which when hitting one of the
G− and G¯− give an insertion of the energy-
momentum tensor
∂i¯Fg =
∫
Mg
〈|
3g−4∏
a=1
G−(µa)T (µ3g−3)|2φ¯i〉,
(17)
up to an irrelevant numerical coefficient which
we dropped.
The energy-momentum tensor insertion can
be re-written as a partial derivative with re-
spect to the world-sheet moduli, leading to a
boundary contribution
∂i¯Fg =
∫
Mg
4∂2
∂mb∂m¯b
〈|
∏
a 6=b
G−(µa)|2φ¯i〉. (18)
A boundary in the moduli space of a compact
Riemann surface corresponds to a surface with
nodes, which appear either by pinching a han-
dle or a dividing geodesic, as shown in Figure
1. In both cases, the surface develops a long
and thin tube, which eventually in the pinch-
ing limit is turned into two punctures. Com-
puting explicitly the contribution stemming
from these two surfaces, the result is given by
∂i¯Fg =
1
2
Ci¯j¯k¯e
2KGjj¯Gkk¯
( g−1∑
h=1
DjFhDkFg−h+
+DjDkFg−1
)
, (19)
where Di is the Ka¨hler covariant derivative
with respect to the chiral modulus field φi,
and Ci¯j¯k¯ are the Yukawa couplings given by
the three-point function of three chiral pri-
maries on the sphere
Cijk = 〈φiφjφk〉. (20)
K is the Ka¨hler potential and Gij¯ = ∂i∂j¯K
is the moduli metric related to C’s by spe-
cial geometry. An important point is that
although the right hand side of (19) is not
zero, it only contains contributions of lower
genus Fg’s. Hence, the holomorphic anomaly
leads to a recursion relation, which can be
shown to be strong enough to yield the non-
holomorphic part for all Fg’s iteratively [3].
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(a)
(b)
Figure 1. Boundaries of a Riemann surface in moduli space: (a) pinching of a handle, (b) pinching
of a dividing geodesic. In the limit of infinite length of the connecting tubes they are replaced by
punctures at their end-points. A non-vanishing result is only achieved, if the states propagating
on the tubes cancel the background charge for the sphere. In this case, they simply resemble the
Yukawa couplings Cijk.
2. Topological Amplitudes and N = 2
Higher Derivative F-terms
Certain correlation functions of the gravi-
tational sector of type II string-theory com-
pactified on Calabi-Yau threefolds are shown
to be computed by the partition function of the
N = 2 topological string.
2.1. Physical Couplings and Topologi-
cal Amplitudes
After having introduced the topological
partition function Fg, a further task is to make
contact with the N = 2 compactifications of
type II string theory.5 We are hence trying to
find string scattering amplitudes (possibly at
g-loop level), which can be reduced to Fg. Be-
fore plunging into the explicit calculation, let
us first give a flavor of how this can happen.
The computation of scattering amplitudes
in string-theory6 generically contains contri-
butions from the space-time part of the vertex
operators as well as from the internal (com-
pact) sector and the (super)ghosts. After per-
forming a number of computational steps (in-
cluding spin-structure sum), a generic scat-
tering amplitude is roughly of the factorized
5We consider the case of N = (1, 1) supersymmetry.
6Throughout these lectures we will use the RNS
(Ramond-Neveu-Schwarz) formalism to compute am-
plitudes.
form [7]
A ≃〈(space-time operators)〉
(det(Imτ))d/2
·
· 〈(σ-model of the internal theory)〉,
(21)
where d is the number of non-compact space-
time dimensions and τ is the period matrix of
the (closed string) world-sheet. Although in
general all these quantities are present, in the
cases we are after, the space-time part cancels
completely the (det(Imτ))-factors and the re-
maining expression is only determined by the
zero-mode part of the internal σ-model. Thus,
it can be identified with some correlation func-
tion of the topological string (in the N = 2
case with the partition function).
2.2. N = 2 Higher Derivative F-terms
Let us now study precisely for which type
of string amplitudes the above mentioned can-
cellation occurs. We consider type II the-
ory compactified on a Calabi-Yau threefold.
Thus, the underlyingN = 2 SCFT has central
charge cˆ = 3 entailing that in order to obtain
a non-vanishing result our scattering ampli-
tudes have to balance a background charge of
3(g − 1).
Approaching the problem in a systematic
way [7], we consider which operators are nec-
essary to balance this charge. In the absence
of external vertices, there are (2g − 2) in-
sertions of picture changing operators (PCO)
which stem from the integration over super-
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moduli of the world-sheet. Since they will
only contribute with their internal part (in
this case G−G¯−), they make up already (2g−
2) units of the background charge. The re-
maining (g − 1) have to come from addi-
tional PCOs balancing the super-ghost charge
of some additional vertex operators7. Since
we want to compute amplitudes of the grav-
itational sector, one possibility to provide a
total super-ghost charge of −(g − 1) is to in-
sert (2g−2) graviphotons in the (−1/2)-ghost
picture. In order to cancel also the charge as-
sociated to space-time fermionic coordinates,
we choose (g−1) of them to come with a pos-
itive 4d helicity (+ sign in the 1st and 2nd
plane) and the other half to come with a neg-
ative helicity. The correlation function is then
schematically of the form
〈
(
V (−1/2)(T−−)
)g−1 (
V (−1/2)(T++)
)g−1
·
· V 3g−3PCO 〉. (22)
However, it turns out that this amplitude
gives a vanishing result because of supersym-
metry8. Thus, we insert two additional gravi-
tons in the 0-ghost picture:
〈
(
V (0)(G)
)2 (
V (−1/2)(T−−)
)g−1
·
·
(
V (−1/2)(T++)
)g−1
V 3g−3PCO 〉. (23)
Before we explicitly evaluate this expres-
sion, let us examine more closely what term
of the effective action this amplitude actu-
ally represents. The gravitons as well as the
graviphotons are part of the 4 dimensional
N = 2 supergravity multiplet. Supplemented
by two spin 3/2 gravitini, the component ex-
pansion of this Weyl chiral superfield reads
[8,9]
Wa
b,ij =Ta
b,ij + θc,[iψj]ca
b
+
+ (σµν)a
b
θi,c(σρτ )c
d
θjdRµνρτ , (24)
where a, b, c, d = 1, 2 are (chiral) spinor in-
dices, i, j = 1, 2 are SU(2) indices labeling
the supersymmetries and µ, ν, ρ, τ = 0, . . . , 3
are 4 dimensional space-time indices. On can
then construct the following 1/2-BPS F -term
7For definition of vertex operators see Appendix A.
8Technically, this manifests itself in the fact that the
sum over spin structures gives zero result.
in the effective action:∫
d4θ(Wa1
b1,ijWa2
b2,klǫa1a2ǫb1b2ǫijǫkl)
g. (25)
Upon performing the superspace integration,
this action term yields (among other con-
tributions) precisely one term which corre-
sponds to the amplitude (23), involving two
self-dual Riemann tensors and (2g − 2) self-
dual graviphoton field strengths, R2+T
2g−2
+ .
We can now return to the explicit evalua-
tion of the amplitude (23). This is done using
the RNS formalism [10] and performing the
spin structure sum. The result is [7]:
Fg =
∏g
i=1
∫
d2xi
∏g
j=1
∫
d2yj
(det(Imτ))2
|detωi(xj)|2·
· |detωi(yj)|2
∫
Mg
〈|
3g−3∏
a=1
G−(µa1)|2〉,
(26)
where µa are the (3g − 3) Beltrami differen-
tials parameterizing changes in the moduli of
a genus g Riemann surface. Comparing to
(21), the space-time correlation function is:
g∏
i=1
∫
d2xi
g∏
j=1
∫
d2yj |detωi(xj)|2|detωi(yj)|2,
(27)
where ω are the g abelian differentials defined
on the world-sheet. The points xi and yi are
the insertion points of the self-dual gravipho-
ton and graviton vertex-operators of the two
respective helicities, and the integration is un-
derstood over the homology cycles. It can be
shown, that these integrals give (up to a con-
stant factor which we neglect)
g∏
i=1
∫
d2xi
g∏
j=1
∫
d2yj |detωi(xj)detωi(yj)|2 ≃
≃ (det(Imτ))2, (28)
canceling as advertised the corresponding
space-time zero-mode contribution in the de-
nominator of (26). The final expression is
hence given by the topological expression
Fg =
∫
Mg
〈|
3g−3∏
a=1
G−(µa)|2〉. (29)
As already mentioned, the remarkable fact
about this result is that it is precisely the par-
tition function of the N = 2 topological string
defined in (12).
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2.3. Non-renormalization Theorem
In order to study possible perturbative or
non-perturbative corrections to the above-
mentioned topological amplitudes, it is nec-
essary to figure out the precise dilaton depen-
dence of the action term
√
GR2T 2g−2. (30)
In the string frame, this expression is propor-
tional to
e2ϕ(g−1)︸ ︷︷ ︸
loop-factor
· e2ϕ(g−1)︸ ︷︷ ︸
RR-insertions
= e2ϕ(2g−2). (31)
The second factor stems from the fact that
the graviphotons come from the Ramond-
Ramond sector and are therefore accompanied
by factors of the string coupling gs = e
ϕ, with
ϕ the 4d dilaton field. Switching to the Ein-
stein frame, the metric becomes dependent on
the string coupling. The precise relation is de-
rived by studying the Einstein-Hilbert term
string frame → Einstein frame√
GRe−2ϕ → √GR
Therefore, we read off that the metric is
rescaled as
G→ Ge2ϕ. (32)
To establish the full dilaton dependence, we
now have to count the metrics contained in
(30). The measure factor
√
G behaves like
G2 just like the Riemann tensor. To con-
tract two Riemann tensors, one needs four in-
verse metrics, which yields another factor of
(G−4). Finally, to contract the graviphotons,
another (2g − 2) inverse metrics are deployed
giving G−(2g−2). All together, they behave
as G−(2g−2), yielding an additional contribu-
tion of e2ϕ(−2g+2) which precisely cancels (31).
Hence, we see that there is no dilaton depen-
dence in the Einstein frame at all.
This result is consistent with the well
known fact that in N = 2 type II compact-
ifications in 4 dimensions, the dilaton resides
in a hypermultiplet which does not couple to
vector multiplets through local effective ac-
tion terms. From this, we conclude that there
should be no corrections (perturbative or not)
to the Fg’s given by the expression (29).
2.4. Duality Mapping
The starting point for a duality mapping
between heterotic string and type IIA is in
6 dimensions. There, it was observed that
the moduli space of the heterotic string com-
pactified on T 4 is identical to that of type
IIA compactified on K3, and the two theories
can be identified upon inversion of the six-
dimensional (6d) string coupling. From this
result one can derive further dualities by com-
pactifying down to 4 dimensions. In particu-
lar, one can establish a duality between type
IIA on a K3-fibered Calabi-Yau threefold and
the heterotic string onK3×T 2. Keeping track
of the 4d dilaton, which resides in an N = 2
hypermultiplet on the type II side, one finds
that it belongs to an N = 2 vector multiplet
on the heterotic side. The reason is that the
heterotic dilaton is mapped to the volume of
the base of theK3-fibration in the type II side.
For the Fg’s, this means that they are exact
on the IIA side (as mentioned above) and ap-
pear already at genus g = 1 on the heterotic
side, where however they receive corrections.
Despite its non exactness, their one-loop het-
erotic representation is very useful and allows
many properties to be uncovered and studied
in a simple way [11].
3. N = 1 Topological Amplitudes
A reduction of the N = 2 topological am-
plitudes to N = 1 is achieved in two ways:
(i) the heterotic dual is studied, being captured
by a torus integral; (ii) Z2 world-sheet involu-
tions of the closed string amplitudes are found
to result in type I open string amplitudes. For
both theories the analog of the holomorphic
anomaly equation is derived.
3.1. Heterotic String Theory
3.1.1. Topological Amplitudes
We choose the left moving side of the het-
erotic string to be the supersymmetric one
and thus, the topological twist will only be
performed on this side. To match the ampli-
tudes of the type IIA side, we have to insert
(2g − 2) left-moving spin fields. Possible can-
didates are gauginos, gravitinos or dilatinos.
For reasons which will become clear below,
we will opt for the first ones and we will sup-
plement them by two gauge fields. Thus, the
transition from the type IIA side is given by
graviphoton → gaugino,
graviton → gauge field, (33)
N = 2 Weyl Wab,ij → N = 1 gauge W aα ,
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which is given by the chiral multiplet
Wαa = −iλαa −
i
2
(σµσ¯ν)a
b
θbF
α
µν + . . . . (34)
As before a, b = 1, 2 are spinor indices, while
α labels the gauge group factor.
The corresponding expression to the type
IIA effective action term (25) is the following
1/2-BPS F -term [12]:∫
d2θFHETg (TrW
2)g = FHETg F
2(λλ)g−1.
(35)
An additional complication arising here is
that besides the det(Imτ) factors, there are
extra contributions stemming from double
poles of the operator product expansion of
the right-moving gauge charge operators in-
volved in the amplitude. In order to get rid
of those contact terms, a suitable difference of
two gauge groups with no charge matter must
be taken:∫
d2θFHETg [(Tr1 − Tr2)W 2]g, (36)
where Tri denotes tracing with respect to the
i-th gauge group factor. Thus, finally, only
the Kac-Moody currents of the vertex oper-
ators are left to deal with. These contribute
only with their zero-mode part, given by
g∑
i=1
Qai ω¯i, (37)
where Qai is an operator measuring the
a-th charge of the state that propagates
on the i-th loop of the world-sheet, and
the abelian differentials ω¯ provide the miss-
ing anti-holomorphic contributions to cancel
(upon integration) the det(Imτ)-factors.
With these subtleties, the topological am-
plitudes take the form [12]
FHETg =
∫
Mg
〈
3g−3∏
a=1
(µaG
−)(µ¯ab¯)(detQ
bj
i )·
· (detQcji )〉. (38)
3.1.2. Holomorphic Anomaly Equation
An interesting puzzle appears when trying
to repeat the computation leading to the holo-
morphic anomaly equation. After perturbing
the action by the BRST exact operator9
{QBRST, φ¯i¯}, (39)
9Note, that only one BRST operator is present in con-
trast to two of them in (15).
a derivative with respect to an anti-
holomorphic modulus simply leads to an in-
sertion of this operator in the amplitude. The
naive vanishing of the resulting expression is
again spoiled by the appearance of (anoma-
lous) boundary terms, which take the form
∂i¯F
g =
∑
g1+g2=g
F g1
i¯,j¯
Gj¯jDjF
g2 . (40)
The new feature of this equation, compared
to the corresponding one in type IIA theory,
is the appearance of additional objects on the
right hand side which are of the form [12]
F g
i¯,j¯
=
∫
Mg,n
〈
3g−3+n∏
a=1
(µaG
−)(µ¯ab¯)(detQ
bj
i )·
· (detQcji )
∫
φ¯i¯
∫
˜¯φj¯〉. (41)
These new objects indicate that the recursion
relations do not close within the topological
partition function, but one has to allow for
operators in the twisted theory, which are not
in the kernel of the (twisted) BRST operator
QBRST.
The additional terms can be computed from
F gnΠ
nW 2g, (42)
where the F gn are arbitrary functions of chiral
superfields and the Π’s denote the chiral pro-
jection of non-holomorphic functions of chiral
superfields.10 The component expansion of Π
is given as
Π = λ¯λ¯+ θ2((∂Z¯)2 + ∂2Z¯) + . . . , (43)
where Z and λ denote the bosonic and
fermionic components of chiral superfields.
However, the introduction of these new ob-
jects alone does not seem to solve the problem
of integrability, which remains open.
3.2. Type I
3.2.1. Z2 Involution
The simplest way to compute open string
scattering amplitudes is to take Z2 involu-
tions of closed (type IIB) string amplitudes
[13,14,15]. This is done by identifying ho-
mology cycles of the world-sheet and taking
an appropriate “square root”. In this man-
ner, the previously closed world-sheet gets a
10In this sense it can be viewed as a generalization of
the D¯2 operator of rigid supersymmetry.
8 I. Antoniadis and S. Hohenegger
number of boundaries, which are precisely the
fixed points of the involution, and the Fg’s
are generalized to F(g,h) (in the simplest case
of oriented surfaces). We will preliminary fo-
cus on world-sheets which have no remaining
handles. Let us study this case more carefully
with the following example:
Example We consider a genus 3 Riemann
surface as the double cover (that is as ‘the
square’) of a Riemann surface with no handles
but 4 boundaries (see Figure 2). The canon-
1
1
2 3
32
b b b
αα
a
α α
a a
4
1 2 3
Z2
Figure 2. Example of a Z2 involution of a
genus 3 Riemann surface. The (ai,bi) are
the canonical homology basis of the Riemann
surface and the αj with j = 1, . . . , 4 form
the boundaries of the open Riemann surface.
Note, that upon different identifications of the
homology cycles different open surfaces ap-
pear.
ical homology basis for this surface is given
by the cycles (ai,bi), with i = 1, 2, 3, while
the boundaries of the open string surface ob-
tained upon a special Z2 involution are the cy-
cles α1, . . . , α4. From Figure 2 we read off
that they are given by
α1 = a1,
α2 = a2a
−1
1 ,
α3 = a3a
−1
2 , (44)
α4 = a
−1
3 .
The special Z2 involution which is displayed
in Figure 2 is defined to act on the cycles as
follows
ai → ai, bi → −bi. (45)
3.2.2. Scattering Amplitudes
We now consider a surface with h bound-
aries, that is obtained from the Z2 involu-
tion of a closed Riemann surface of genus
g = h − 1. For simplicity, we will focus on
the case where all vertex operator insertions
are on the boundaries [16]. In this case, in
order to make contact with the type II cal-
culation, we have to use two gauge fields and
2h− 4 gauginos. The reason is that upon the
Z2 involution the graviton becomes a gauge
field and the graviphoton a gaugino, as de-
scribed in Section 3.1.1. One then finds the
physical coupling∫
d2θF(0,h)(TrW
2)h−2, (46)
where W is the gauge supermultiplet defined
in (34). Since the vertex insertions are path
ordered, the insertion of more than two on the
same boundary would lead to rather compli-
cated expressions. Hence, we distribute the
fields as follows
• on each of the h−2 boundaries we insert
two gauginos
• on one boundary we insert the two
gauge fields
• one boundary remains ‘empty’ and
serves as a spectator
Using furthermore Neumann boundary condi-
tions11 the amplitudes are given by
F(0,h) =
∫
Mh
〈
3h−6∏
a=1
∫
(µaG
−)〉 · (lattice sum).
(47)
It can be shown that this result is dual to (38)
by heterotic/type I duality.
3.2.3. Holomorphic Anomaly Equation
Performing the same computation as be-
fore and taking anti-holomorphic derivatives
of the amplitude, one has to consider again
boundary contributions in the moduli space
of open string world-sheets [16]. In contrast
to the type II computation however, this time
one has to consider three cases, which are dis-
played in Figure 3. While in the first two cases
the surface develops a long and thin strip, in
the last case it develops a cylinder which cor-
responds to a closed string exchange between
the two new surfaces. Just as in the heterotic
case, there appear new objects when taking an
anti-holomorphic derivative of F(0,h), spoiling
the closure of the recursion relation.
11This choice is dictated by the necessity of canceling
the det(Imτ) factors.
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(a)
(b)
(c)
Figure 3. Boundaries of an open string world-sheet.
3.2.4. Outlook to F(g,h)
A question which immediately arises is
whether it is possible to relax the constraint
of g = 0. In other words, are there physi-
cal string couplings which correspond to F(g,h)
with g 6= 0 6= h? The main problem in this
respect is that due to the lower number of
boundaries, a distribution of the vertex in-
sertions as in F(0,h) is not possible. One has
to either put more than two vertices on some
boundaries, or consider field insertions in the
bulk. In both options the position integrals do
not quite cancel the (det(Im)τ) factors which
arise from the space-time part. Thus, these
amplitudes are not precisely topological.
4. Genus 2 Amplitudes, Supersymme-
try Breaking and Fermion Masses
The Z2 involutions of genus 2 topological
amplitudes describe the communication of su-
persymmetry breaking in some “hidden” sec-
tor to a gauge theory living on the bound-
ary. More precisely, they compute the result-
ing gaugino or fermion masses.
4.1. Overview
Studying in detail the genus 2 case, there
are two possible inequivalent involutions,
which together with their involution matrices
are schematically displayed in Figure 4. These
involutions lead to a different identification
of cycles of the homology basis, correspond-
ing to a different form of the involution ma-
trix. Furthermore, the field insertions on the
closed world-sheet are initially two gravitons
(R) and two graviphotons (T ). Depending on
whether they are inserted in the bulk or on
the boundary, they either stay gravitons and
graviphotons or get converted to gauge fields
(F ) and gauginos (λ), respectively, according
to (33). Both diagrams communicate a break-
ing of supersymmetry in some hidden sector
of the theory (e.g. in the bulk or in some
boundary) to the “observable” sector (e.g. a
gauge theory living on some supersymmetric
–to lowest order– boundary).
Indeed, the diagram to the left of Figure 4
has three boundaries with two gauginos on
one of them and two gauge fields on another,
giving rise to F(0,3). Replacing the gauge field
strengths by their D-term auxiliary compo-
nents, one obtains a gaugino mass when su-
persymmetry is broken by a D-term expec-
tation value. This provides an example of
gauge mediation [16] that will be studied be-
low, in subsection 4.5. It is also worth notic-
ing that the holomorphic anomaly of F(0,3)
brings a term ΠW 2, generated at one loop
from the annulus diagram. Using the compo-
nent expansion (43), and replacing the gauge
field strengths by D-term auxiliary compo-
nents, one obtains fermion masses of the type
µ-term, needed in the supersymmetric stan-
dard model.
On the other hand, the diagram to the right
of Figure 4 has one handle and one bound-
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Z1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 Z2 =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0


Figure 4. Possible involutions of a genus 2 compact Riemann surface and their involution ma-
trices acting on the homology cycles C = (a1, a2,b1,b2). For instance Z1C
T reproduces the
transformation (45).
ary with two gauginos. Moreover, there is a
graviton insertion in the bulk that can be re-
placed by its auxiliary component, generating
again a gravitino mass related to F(1,1), upon
supersymmetry breaking in the gravity sec-
tor [17]. Thus, this provides an example of
gravity mediation that we study next, in the
case where supersymmetry breaking arises by
compactification via the Scherk-Schwarz (SS)
mechanism [18].
4.2. Scherk-Schwarz (SS) Mechanism
for Supersymmetry Breaking
A possibility to break supersymmetry spon-
taneously with the help of compact dimen-
sions in field theory was first introduced in
[18]. Considering (in the simplest case) com-
pactification on a circle of radius R, one can
allow the fields to be periodic only up to an
R-symmetry transformation
Φ(y + 2πR) = UΦ(y), with U = e2piiQ ,
(48)
whereQ is the correspondingR-charge. Since,
upon compactification, R-symmetry is re-
stricted to discrete subgroups (that is UN = 1
for ZN ), Q is quantized. Moreover, from the
periodicity (48), one finds that the Kaluza-
Klein (KK) momentum takes the form
p =
n+Q
R
, (49)
for integer n, which leads to a mass-shift of the
KK modes by Q/R. In particular, the grav-
itino zero mode gets a mass Q/R and (local)
supersymmetry is broken.
This method is generalized in closed string
theory using world-sheet modular invari-
ance [19,20]. For open strings, the effect is
identical to field theory, for Neumann bound-
ary conditions. For Dirichlet conditions on
the other hand, describing a D-brane perpen-
dicular to the SS coordinate, supersymme-
try remains unbroken, since there are no KK
modes [21].
4.3. Gravity Mediated Supersymmetry
Breaking
Consider a generic 1-loop two-point func-
tion with some gravitational exchange in the
effective field theory (see Figure 5). Since each
of the two gravitational vertices comes with a
factor of the inverse Planck mass, M−1p , the
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2
m
Mp
1
Mp
1
λ λ
Figure 5. Field theory 2-point function of two
gauginos at zero-momentum.
generic form of the gaugino mass m1/2 is
m1/2 ∼
m3/2
M2p
×


Λ2UV
m23/2
(50)
where the gravitino mass insertion m3/2 is ob-
viously needed for a non-zero result. The form
of the extra factor in the right hand side is de-
termined by dimensional analysis and depends
on whether the loop integral is (quadrati-
cally) divergent or convergent. In the former
case, identifying the ultraviolet (UV) cutoff
ΛUV with Mp, one obtains m1/2 ∼ m3/2. In
the second case, m1/2 is hierarchically smaller
than the gravitino mass in the limit m3/2 <<
Mp.
Now one can study the two-point function
of Figure 6 for type II compactifications on
T 2 × K3, where the SS circle of radius R is
embedded in T 2. The simplest approach for
λ λ
Figure 6. Two-point function of two gauginos
at 1-loop level leading to a mass-term.
the computation would be to realize K3 as
some torus orbifold T 4/ZN , however, then the
gaugino mass is protected by the orbifold sym-
metries and the loop integral vanishes. This
technical problem can be avoided by blowing
up the orbifold singularity of K3. The result
is then found to be [17]
m1/2 ∝ g2s
m33/2
M2s
, (51)
in the limit m3/2 << Ms, where Ms is the
string scale, and the string coupling gs equals
the square of the gauge coupling αG. From
this we conclude that the gravitational me-
diation of supersymmetry breaking, induced
by the string diagram in Figure 6, reproduces
the field theory result (50) in the case of a UV
convergent loop integral. The absence of the
first term, with a linear behavior in m3/2, im-
plies also the absence of a contribution due to
the so-called anomaly mediation. The latter
would have exhibited a result of the form
m1/2 ∼ αGm3/2, (52)
where, as we see, the powers of gs do not
match with (51). This is in accordance with
the fact that the one-loop result (notice the
power of the gauge coupling constant) always
vanishes. This is because theN = 2 supercon-
formal U(1) charge of two gaugino insertions
cannot be balanced by one picture changing
operator, as would be necessary from charge
counting. Thus, one needs to consider a
higher loop order, which however behaves as
m33/2, as seen above.
Focusing now on explicit numerical results,
from (49), the gravitino mass is proportional
to the inverse of the compactification radius
m3/2 ∼ 1/R , (53)
associated to the SS interval perpendicular to
the Standard Model branes. R is then deter-
mined from the standard relation between the
4d Planck mass and the string scale: where
the value of the radius of the SS circle is given
by
R−1 =
2M3s
α2GM
2
p
∼ 1013GeV. (54)
From the result (51), one then finds that the
gaugino mass is in the TeV range if every
loop factor brings a typical suppression by
two orders of magnitude. On the other hand,
scalars on the brane acquire generically one-
loop mass corrections from the annulus dia-
gram [21]. It follows that
m0 ≥ gs
m23/2
Ms
∼ 108GeV . (55)
Thus, this mechanism leads to a hierarchy be-
tween scalar and gaugino masses of the type
required by split supersymmetry [22,23].
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L R
+Q
−Q
L R
n=2
n=0
n=1
Figure 7. Mass-shifts of the left- and right-handed spin-3/2 KK states due to SS supersymmetry
breaking.
4.4. Breaking Local Supersymmetry
without Breaking R-symmetry
We consider now the case where the con-
tribution of gravity mediation of Figure 6 is
suppressed, such as in special models men-
tioned above with additional discrete symme-
tries. Another example is when the break-
ing of local supersymmetry preserves an R-
symmetry protecting the vanishing of gaugino
masses. This is provided again by the sim-
ple case of SS supersymmetry breaking using
a Z2 R-parity, corresponding to Q = 1/2 in
(49). For generic Q, the masses of the spin-
3/2 KK states get modified as displayed in
Figure 7. One sees that mass-shifts with a
generic Q lead to Majorana masses that break
R-symmetry. However in the case of Q = 1/2,
one notices a pairing of the states
|n+Q〉L, and |n+ 1−Q〉R , (56)
forming Dirac spinors. Thus, in this case
R-symmetry is left intact and gravity medi-
ated corrections to gaugino masses vanish [23].
One can then consider corrections arising from
the diagram on the left of Figure 4 with 3
boundaries, describing gauge mediation, that
we study next.
4.5. Gauge Mediated Supersymmetry
Breaking
Realizing the Calabi-Yau threefold as an
orbifold
∏5
I=3 T
2
I , the diagram with three
boundaries corresponds to three stacks of
magnetized D9-branes [16]. The brane stacks
are associated with the gauge groups U(Na)
with a = 1, 2, 3. Each of the three abelian
factors contains an internal magnetic field HaI
on each T 2I . An alternative description is ob-
tained by T-dualizing one direction of each
torus, resulting in a type IIA orientifold with
three stacks of D6-branes at angles attached
to the boundaries of the world-sheet, accord-
ing to Figure 8.
The angles of the branes relative to the hor-
izontal axis of each torus are given by
θaI = arctanH
a
I α
′, (57)
and the condition for preserving N = 1 su-
persymmetry at each stack is that the sum of
the angles over the three planes is zero
5∑
I=3
θaI = 0, ∀a = 1, 2, 3. (58)
The angles θaI play the role of the orbifold
twists around the b-cycles, while the twists
around a-cycles are trivial (see Figures 2 and
4). For the special case at hand, we find
2πh1I = 2(θ
1
I − θ3I), 2πh2I = 2(θ3I − θ2I), (59)
with hiI the orbifold twist in the I-th plane
around the i-th b-cycle. Here the boundaries
in terms of the canonical homology basis are
as in Figure 2: α1 = a1, α2 = a2
−1, α3 =
a1
−1a2.
The general non-supersymmetric case is ob-
tained by breaking the relation for the angles
adding up to zero by a small parameter ǫ
5∑
I=3
θai = ǫ, (60)
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1
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3
θ1 θ1 θ1
θ3 θ3 θ 3
θ2 θ2 θ2
3 4 5
3 4
5
3 4 5
torus 3 torus 4 torus 5
stack 1:
stack 3:
stack 2:
Figure 8. Three stacks of branes at angles θI corresponding to the three tori. If all three branes
would intersect at a single point in one torus, the diagram would vanish.
which is immediately translated into a rela-
tion for the orbifold twists:
∑5
I=3 h
i
I = −2ǫ.
As described in Section 4.1, at the level of
the effective action, the gaugino acquires a
mass term via D-term supersymmetry break-
ing. This stems from the supersymmetric F -
term
(Tr W 21 )(Tr W
2
2 ), (61)
by assigning an expectation value m20 to the
auxiliary field of the U(1) vector multiplets12
〈D〉 ∼ m20 = ǫM2s . (62)
The two factors in (61) correspond to the
gauge groups U(N1) and U(N2), respectively.
Taking the D-auxiliary components of one
factor, one gets gaugino masses for the other
gauge group factors, given by the topological
partition function F(0,3). Indeed, the gaugino
masses can be computed explicitly by the 2-
point function at zero momentum.13 In the
12We consider the weak field limit of small ǫ.
13For the definition of the vertex operators see Ap-
pendix A.
limit ǫ→ 0, the result is
m1/2 = g
2
sF(0,3)
m40
M3s
, (63)
in agreement with the field theory expecta-
tion.
Note that one finds again a hierarchy be-
tween scalar and gaugino masses. In order
to have the latter in the TeV scale, one has
to introduce scalar masses of the order of
1013 − 1014 GeV. On the other hand, as dis-
cussed in subsection 4.1, this mechanism pro-
vides also µ-type fermion masses of the same
order of magnitude as gauginos (up to a loop
factor). Thus, one obtains again a string re-
alization of split supersymmetry.
5. N = 4 Topological Amplitudes
Compactifications on K3 and K3× T 2 are
considered and scattering amplitudes of the
type II string-theory are found to be com-
puted by correlation functions of the topologi-
cal string. Since the partition function is van-
ishing due to the failure of canceling the back-
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ground charge deficit, a regularization by suit-
able insertions of additional operators has to
be considered. The focus will be on ‘minimal’
couplings, mapped to as simple as possible loop
calculations on the heterotic side. As an ap-
plication of these amplitudes the harmonicity
relation as a generalization of the N = 2 holo-
morphicity will be mentioned briefly.
5.1. Motivation
After having studied topological amplitudes
associated to N = 2 compactifications on
Calabi-Yau threefolds, the question is whether
one can obtain similar results for N = 4. The
study of these amplitudes can be motivated
by a number of reasons:
• Z2 involutions of N = 4 closed string
amplitudes possibly lead to N = 2 am-
plitudes with boundaries, therefore pro-
viding a generalization of the presently
known Fg ≡ FN=2(g,0) .
• N = 4 couplings necessarily involve
higher derivative corrections to the
Einstein-Hilbert action of the type R4,
modifying possibly the entropy of N =
4 black holes.
• The generalization of the N = 2 holo-
morphicity (up to a possible anomaly)
to the harmonicity relation could
provide interesting information on the
structure of the effective N = 4 super-
gravity.
5.2. Compactification on K3
5.2.1. N = 4 Superconformal Algebra
The critical dimension for compactifications
on K3 is cˆ = 2. Since this number is differ-
ent from 3, it implies a trivial vanishing of
the topological partition function. Indeed, the
topological twist is performed using the U(1)
current of an N = 2 subalgebra of the full
N = 4. The U(1) charge of the (3g − 3) in-
sertions of G− does then not match with the
background charge deficit.
The idea, already pursued in [24,25], is to
consider instead a correlation function with
an appropriate number of additional inser-
tions of the second (complex) supercharge of
the N = 4 SCFT algebra, G˜+. The lat-
ter consists of two doublets of supercurrents
((G+K3, G˜
−
K3) and (G˜
+
K3, G
−
K3)) and the gen-
erators of an SU(2) affine current algebra
((J++K3 , JK3, J
−−
K3 )), as well as their right mov-
ing counterparts. The algebra fulfilled by
the left moving operators is determined by
the short distance operator product expansion
(OPE):
J−−K3 (z)J
++
K3 (0) ∼
JK3(0)
z
,
J−−K3 (z)G
+(0) ∼ G˜
−
K3(0)
z
,
J++K3 (z)G˜
−
K3(0) ∼ −
G+K3(0)
z
,
J++K3 (z)G
−
K3(0) ∼
G˜+K3(0)
z
,
J−−K3 (z)G˜
+
K3(0) ∼ −
G−K3(0)
z
,
G+K3(z)G
−
K3(0) ∼
JK3(0)
z2
+
+
2TK3(0) + ∂JK3(0)
z
,
G˜+K3(z)G˜
−
K3(0) ∼
JK3(0)
z2
+
+
2TK3(0) + ∂JK3(0)
z
,
G+K3(z)G˜
+
K3(0) ∼
J++K3 (0)
z2
+
∂J++K3 (0)
2z
,
G−K3(z)G˜
−
K3(0) ∼
J−−K3 (0)
z2
+
∂J−−K3 (0)
2z
,
with all other OPE vanishing and a similar set
of relations for the right-movers.
For the topological twist, we use the N = 2
subsector (T,G±, J) and proceed as in Sec-
tion 1.2, by redefining the energy momentum
tensor as in (7). Just as in the N = 2 sec-
tor, the conformal weights of the operators
are changed accordingly.
operator conf. weight U(1)
G˜+ 1 1
G˜− 2 −1
J++ 0 2
J−− 2 −2
Furthermore, note the important relations
QBRSTJ
−− = G˜−, (64)
QBRSTG˜
+ = J++. (65)
5.2.2. Topological Amplitudes
Now we are ready to discuss possible can-
didates for topological correlation functions.
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The first (and probably simplest) guess is
∫
Mg
〈|
3g−3∏
a=1
G−K3(µa)|2
[∫
|G˜+K3|2
]g−1
〉. (66)
Although the charge deficit is perfectly bal-
anced, this expression can be easily shown to
vanish identically: rewriting one of the G˜+ as
G˜+ =
∮
G˜+J , (67)
one can deform the contour of integration,
such that it encircles other operators of the
correlation function. The only two possibili-
ties are however∮
G˜+G˜+ =
∮
G˜+G− = 0. (68)
Thus, we have to add another insertion, which
has a non-vanishing residue with G˜+ and zero
charge, i.e. J :
F (6d)g =
∫
Mg
〈|
3g−3∏
a=1
G−K3(µa)|2
[∫
|G˜+K3|2
]g−1
·
·
∫
|J |2〉. (69)
In some cases it is useful to rewrite this re-
sult in a somewhat different form: Expressing
one of the G− (say the one at µ3g−3) as
G− =
∮
G˜+J−−, (70)
one can again deform the contour integral
around the other operators. The only pos-
sibility to get a non-vanishing answer is to en-
circle J , yielding G˜+ according to (67). One
then finds the alternative writing for Fg:
F (6d)g =
∫
Mg
〈|
3g−4∏
a=1
G−K3(µa)J
−−(µ3g−3)|2·
·
[∫
|G˜+K3|2
]g
〉. (71)
5.2.3. Physical Couplings
The next question is to find a possible con-
nection between some physical string ampli-
tudes and the topological correlation function
(69) and (71). The answer to this question
was given in [24,25], namely the relevant cou-
plings on the string side involve four 6d gravi-
tons and 4g − 4 graviphotons at genus g:
〈R4+T 4g−4+ 〉g (72)
with T ij+,µν the (self-dual) graviphoton field
strength, where the graviphotons are left ×
right handed chiral spinors and R+,µνρτ the
6d (self-dual) Riemann tensor. Although self-
duality in 6 dimensions is meaningless, one
can define a similar notion by contracting with
the 6d Lorentz generators in the chiral repre-
sentation14
Mµν →Mab =Mµν(σµν)ab. (73)
These couplings correspond to a chiral F -term
in the 6d N = 2 supergravity,where the rele-
vant Weyl superfield is given by
(Wa
b)ij =(σµν )a
b
T ijµν+
+ (σµν)a
b(θiLσ
ρτθjR)Rµνρτ + . . . ,
(74)
The coupling proposed in [24] is given by∫
d4θL
∫
d4θR(Wa1
b1Wa2
b2Wa3
b3Wa4
b4 ·
· ǫa1a2a3a4ǫb1b2b3b4)g. (75)
5.2.4. Duality Mapping
As already mentioned in Section 3.1.1, there
is a strong-weak coupling duality between
type IIA and heterotic strings in 6 dimensions:
gIIAs =
1
gHETs
. (76)
Furthermore, the σ-model metric scales with
the second power of the string coupling
GIIA =
GHET
(gHETs )
2
. (77)
Thus, the coupling (72) is mapped under du-
ality to
(gIIAs )
6g−6
√
GIIAR4T 4g−4 =
= (gHETs )
2g
√
GHETR4T 4g−4, (78)
which is basically established by counting the
metric factors in a similar way as in Section
2.3. Hence, we see that a genus g amplitude
on the type IIA side is mapped to a genus g+1
loop amplitude in the heterotic theory.
This result raises the following question:
Since the regularization procedure in Section
14These are 4×4 submatrices of the full 8×8 Lorentz
generators.
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5.2.2 is not unique (recall that we just consid-
ered one specific insertion of additional oper-
ators), are there other N = 4 topological am-
plitudes with similar properties as in N = 2,
namely, that they map to a 1-loop integral on
the heterotic side?
5.3. Compactification on K3× T 2
In order to answer this question, we change
the space-time dimensionality by compactify-
ing two additional directions on a torus. The
resulting manifold K3×T 2 has cˆ = 3, so that
the background charge deficit now matches
precisely. We can write again candidates for
topological amplitudes. The first guess is [26]
F (1)g =
∫
Mg
〈|
g−1∏
a=1
G−T 2(µa)
3g−3∏
b=g
G−K3(µb)·
·
∫
|JT 2 |2
∫
|JK3|2〉. (79)
In the same way as (71) can be derived from
(69), one can rewrite (79) in the form
F (1)g =
∫
Mg
〈|
g−1∏
a=1
G−T 2(µa)
3g−3∏
b=g
G−K3(µb)|·
· |J−−(µ3g−3)|2
∫
|JT 2 |2〉. (80)
The physical amplitude which is computed
by this correlation function involves two self-
dual and two anti-self-dual 4d Riemann ten-
sors, as well as 2g − 2 self-dual graviphotons:
〈R2+R2−T 2g−2+ 〉g. (81)
Performing as before the duality map, we find
(gIIAs )
4g−4
√
GIIAR2+R
2
−T
2g−2
+ =
= (gHETs )
2
√
GHETR2+R
2
−T
2g−2
+
(82)
implying a two loop integral representation on
the heterotic side, which is still rather difficult
to compute. The question then remains, if
one can still do better and find an expression
which maps to a 1-loop integration.
The modifications which realize this goal
are to replace the two anti-self-dual gravitons
by (second) derivatives of the graviscalar part-
ner of the graviton in the N = 4 gravity mul-
tiplet, and to shift the loop order on the type
II side from g to g + 1 [26]:
〈R2+(∂∂φ+)2T 2g−2+ 〉g+1. (83)
The topological correlation function corre-
sponding to this string amplitude reads:
F (3)g ≡
∫
Mg
〈|
g∏
a=1
G−T 2(µa)
3g∏
b=g+1
G−K3(µb)·
·
∫
|JK3|2|ψ3(w)|2〉, (84)
where ψ3 stands for the (complex) fermionic
coordinate of the torus, whose sole purpose
is to soak the remaining zero modes. This
fermion appears in the N = 2 U(1) current of
T 2:
J = ψ3ψ¯3 . (85)
After the topological twist, it has conformal
dimension zero: dim[ψ] = 0, dim[ψ¯] = 1. Ex-
pression (84) can be rewritten in the form
F (3)g =
∫
Mg
〈|
g∏
a=1
|G−T 2(µa)
3g−1∏
b=g+1
G−K3(µb)|2·
· |J−−(µ3g)|2
∫
|JK3|2
∫
|G˜+K3|2|ψ3|2〉.
(86)
Performing again the duality map to the
heterotic side, one finds:
(gIIAs )
4g−2
√
GIIAR2+(∂∂φ+)
2T 2g−2+ =
=
√
GHETR2+(∂∂φ+)
2T 2g−2+ , (87)
yielding finally a 1-loop heterotic integral.
5.4. Harmonicity Relation
5.4.1. Harmonicity in 6 Dimensions
In Section 5.2.1 we have considered a spe-
cial superconformal algebra by picking a fixed
N = 2 subalgebra inside N = 4. As was
exploited in [24], this choice however is not
unique, but there is a freedom of different
choices, related by SU(2) transformations.
This means in particular that we are free to
do the following redefinitions
̂˜G+ = uL1 G˜+ + uL2G+, Ĝ− = uL1 G˜− − uL2 G˜−,̂˜G− = u¯L2 G˜− − u¯L1G−, Ĝ+ = u¯L2G+ + u¯L1 G˜+,
where uL1,2 are parameters obeying the nor-
malization |uL1 |2+ |uL2 |2 = 1. In fact, together
with their counterparts from the right movers,
uR1,2, they can be interpreted as coordinates
in a N = 2 harmonic superspace, associated
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to the coset SUL(2)UL(1) ×
SUR(2)
UR(1)
. Replacing now
all operators in (69) by their corresponding
redefined (hatted) quantities, the correlation
function becomes a polynomial in uL1/2 and
uR1/2 (for simplicity, we only display the left
moving part):
Fg(u
L
1 , u
L
2 ) =
=
2g−2∑
n=−2g+2
(4g − 4)!(uL1 )2g−2+n(uL2 )2g−2−n
(2g − 2 + n)!(2g − 2− n)! F
n
g .
(88)
Moreover, adding the following perturba-
tion to the action
λ¯α22
∮
G+
∮
G¯+φ¯α + λ¯
α
12
∮
G˜+
∮
¯˜G+φ¯α+
+ λ¯α21
∮
G+
∮
¯˜G+φ¯α + λ¯
α
11
∮
G˜+
∮
G¯+φ¯α.
(89)
it was shown that the following two equations
hold [27]
2∑
i,j,k=1
uRk ǫij
d
duLi
D
Dλ¯αjk
F (6d)g = 0, (90)
2∑
i,j,k=1
uLk ǫij
d
duRi
D
Dλ¯αkj
F (6d)g = 0, (91)
generalizing N = 2 holomorphicity. Remark-
ably, these equations are exact, in the sense
that there is no anomaly (or more importantly
contact terms) modifying them. This is an
important difference from the N = 2 holo-
morphicity relation (19).15
5.5. Harmonicity in 4 Dimensions
Generalizing the harmonicity relation for
the topologicalN = 4 amplitudes onK3×T 2,
one encounters an extra difficulty due to the
presence of Ramond-Ramond fields for the re-
alization of the full SU(4) R-symmetry of the
superconformal algebra. To avoid this prob-
lem, one can make use of the heterotic dual
representation of the topological amplitude
15In fact, as was pointed out in [27], there are stronger
relations
ǫik
∂
∂uLi
D
Dλ¯kj
F
(6d)
g = 0,
which are however spoiled by the presence of contact
terms, appearing in addition to an anomaly (boundary
contributions).
F (3)g in (84), in terms of a 1-loop torus inte-
gration. As was shown in [26], this amplitude
is given by
F (3,HET)g =
∫
d2τ
τ32
1
η¯24
τ2g+22 Gg+1·
·
∑
(PL,PR)∈Γ(6,22)
(
PAL
)2g−2
q
1
2P
2
L q¯
1
2P
2
R , (92)
where τ = τ1 + iτ2 is the Teichmu¨ller param-
eter of the world-sheet torus with q = e2piiτ ,
and PL, PR are the left and right momenta
of the Γ(6,22) compactification lattice. η is
the Dedekind-eta function, and Gn is the n-th
term in the λ-expansion of the following gen-
erating functional G(λ, τ, τ¯ ), which was com-
puted in [11]
G(λ, τ, τ¯ ) =
(
2πiλη¯3
Θ¯1(λ, τ¯ )
)2
exp
(
−πλ
2
τ2
)
,
(93)
where Θ1 is the usual odd theta-function.
In order to determine the harmonicity rela-
tion, we first introduce harmonic superspace
variables uIi , I = 1, .., 4 (together with their
conjugates uiI) parameterizing the coset man-
ifold
G
H
≡ SU(4)
U(1)× U(1)× U(1) . (94)
Each of the uI transforms in the fundamen-
tal representation of SU(4) and they differ
only by their charges with respect to the three
U(1)’s. We then pick up two of them (say u1
and u2) to project the graviphoton vertices of
the amplitude:
VF (u1, u2) =
1
2π
∫
d2zui1u
j
2(∂Xij − ip.ψψij)·
· ∂¯Xµeip.Z(z, z¯) ,
where Xµ and ψµ are the space-time bosonic
and fermionic coordinates, respectively, while
Xij and ψij are the six internal ones. Here,
we used the fact that the vector of SO(6) can
be expressed as antisymmetric tensor product
of two SU(4) fundamentals, to define for in-
stance Xij =
∑6
α=1X
α(Cσα)ij , where σα are
the (4 × 4) part of the SO(6) gamma matri-
ces and C is the charge conjugation matrix
such that (Cσα)
T = −Cσα. Consequently,
replacing all 2g−2 graviphoton vertices VF of
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F (3,HET)g with the projected ones renders the
amplitude a function of (u1, u2).
Defining furthermore the covariant deriva-
tives Dij,A with respect to the moduli t
A
ij ,
by inserting the corresponding marginal (1, 1)
operators Vij,A:
Vij,A = − 1
2π
∂Xij J¯A, (95)
where J¯A are the right-moving currents, one
can show the equation
ǫijkl
∂
∂ui1
∂
∂uj2
Dkl,AF (3,HET)g (u1, u2) =
= (2g − 2)(2g + 1)ui1uj2Dij,AF (3,HET)g−1 (u1, u2).
(96)
Since the right-hand side contains only
F (3,HET)g−1 (of lower genus than in the left-
hand side), this term can be interpreted as
an anomaly, just as in the N = 2 case.
Acknowledgements
This work was supported in part by the Eu-
ropean Commission under the RTN contract
MRTN-CT-2004-503369. The work of S.H.
was supported by the Austrian Bundesminis-
terium fu¨r Bildung, Wissenschaft und Kultur.
A. Vertex Operators
A.1. Type II Closed Vertex Operators
String vertex operators are classified ac-
cording to their superghost charge (ghost pic-
ture). For these lectures, the relevant ghost
pictures are 0 and −1/2 as explained through-
out the main body of the text.
The vertex operator of the d-dimensional
graviton in the 0-ghost picture is [28]
V (0)(p, h) =: hµν (∂X
µ + ip · ψψµ) ·
· (∂¯Xν + ip · ψ¯ψ¯ν) eip·X :,
µ, ν = 0, . . . , d−1 (97)
where p is the (external) momentum and hµν
its helicity. Furthermore, X are space-time
bosons and ψ their fermionic counterparts.
Note that the form of this operator does not
dramatically change with the space-time di-
mension.
The graviphoton vertex in the −1/2-ghost
picture reads
V (−1/2)(p, ǫ) =: e−
1
2 (ϕ+ϕ¯)pνǫµe
ip·X ·[
Sa(σµν)a
b
S¯bΣ(z, z¯) + Sa˙(σ¯
µν )a˙b˙S¯
b˙Σ¯(z, z¯)
]
:
(98)
where Sa is a space-time spin field and Σ the
spin field of the internal SCFT. These quanti-
ties depend explicitly on the number of space-
time dimensions and on the internal compacti-
fication space. The relevant ones used in these
lectures are
• compactification on CY3 (orbifold) or on
K3× T 2:
S1 = e
i
2 (φ1+φ2),
S2 = e
− i2 (φ1+φ2),
Σ = e
i
2 (φ3+φ4+φ5)e
i
2 (φ¯3+φ¯4+φ¯5),
• compactification on K3
S1 = e
i
2 (φ1+φ2+φ3),
S2 = e
i
2 (φ1−φ2−φ3),
S3 = e
i
2 (−φ1+φ2−φ3),
S4 = e
i
2 (−φ1−φ2+φ3),
Σ = e
i
2 (φ4+φ5)e
i
2 (φ¯4+φ¯5),
where φI bosonizes the (complex) free fermion
associated to the I-th plane, and the tilde
stands for right movers.
Finally, one also needs the expression for
the picture changing operators (PCO). Since
in all computations in these lectures, only the
internal part contributes, the relevant terms
are:
VPCO = e
ϕ+ϕ¯G−G¯−. (99)
A.2. Heterotic String Vertex Operators
The vertices of gauge fields and gaugi-
nos are similar to the type II graviton and
graviphoton, except that the right moving
part is replaced by a Kac-Moody current J¯α,
with α the index of the gauge group:
V (0)(p, ε) =: εµ (∂X
µ + ip · ψψµ) J¯αeip·X :,
V (−1/2)(p) =: e−
ϕ
2 eip·X ·
·
[
SaJ¯αb Σ(z, z¯) + Sa˙J¯
α,b˙Σ¯(z, z¯)
]
:,
VPCO = e
ϕG−,
where the explicit expressions of all quantities
are precisely as in the type II string case.
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